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Technical University of Bialystok, Department of Architecture, Grunwaldzka 11/15, 15-893 Bialystok, PolandWe can view minimum singular values or their squares (eigenvalues) as quality measures of free statically determinate
trusses in static equilibrium, under worst loading, in four ways.
In the ﬁrst approach we use the equilibrium equations0020-7
doi:10.
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E-mBq ¼ p; ð1Þ
where B is the equilibriummatrix, q the vector of internal forces, and p the vector of nodal loads. In order to ﬁnd the meaning
of the singular values of matrix B we formulate the eigenvalue problemBTBq ¼ k2q; q–0; ð2Þ
k2 being an eigenvalue and q the associated eigenvector. It is known that any non-zero k is a singular value of B. If all possible
loads are allowed, the worst loading scenario is associated with the lowest non-zero singular valuekmin ¼ minðkpk=kqkÞ; q–0; ð3Þ
which follows from Eqs. (1) and (2), and from the deﬁnition of the 2-norm of a vector. According to Eq. (3) the worst loading
produces the largest internal forces relative to the load. Given two trusses with different layouts, the better layout is the one
with higher kmin, because it is less stressed relative to its load. Thus kmin is a quality measure for truss layouts under worst
loading. It should be emphasized that only layout affects this measure – it is insensitive to material properties, cross-section
geometry and size, and joint types (rigid or hinged). Eq. (3) shows what kmin means in terms of internal forces and loads.
Numerically, the most efﬁcient way is to compute kmin as the minimum positive singular value of the matrix B.
The second approach is based on the strain–displacement equationsBTu ¼ e; ð4Þ
where u is the vector of nodal displacements, and e the vector of member elongations/contractions. The associated eigen-
value problem readsBBTu ¼ k2u; u–0; ð5Þ
where we have used that fact that the matrix BBT in Eq. (5), being the transpose of the matrix in Eq. (3), has the same spec-
trum of non-zero eigenvalues. Now kmin, after using Eqs. (4) and (5), becomeskmin ¼ minðkek=kukÞ; e–0; u–0; ð6Þ
the assumption of non-zero strains being necessary to avoid rigid-body moves. This formula means that the worst case
deformation of a truss occurs when the strains are minimal relative to the displacements. Note that this result needs only
the layout to be given, not material or cross section properties. The interpretation of kmin in Eq. (6) is less obvious than that
in Eq. (3) because for a statically determinate truss it is more natural to think in terms of loads and internal forces rather than
displacements and strains.
In the third version, we assume some special internal force-strain relations, postulated by T. Lewinski in his letter,q ¼ le; ð7Þ683/$ - see front matter  2008 Elsevier Ltd. All rights reserved.
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uniform member buckling strength. Using Eq. (7) in (6) we getkmin ¼ l1minðkqk=kukÞ; q–0; u–0: ð8Þ
According to this interpretation of kmin the worst behavior of a truss is associated with the minimum ratio of the internal
forces to the displacements. This view of kmin has two drawbacks. First, it compares internal forces with displacements,
which is anything but obvious. Second, unlike the ﬁrst two interpretations, which are based purely on the layout of a truss,
it requires a complete design, with cross section and material properties satisfying Eq. (7).
In the letter, T. Lewinski assumes Eq. (7) but does not derive Eq. (8) as an interpretation for kmin. Instead, he introduces
another parameter k, equal to the smallest positive singular value of the matrix lB, k2 being the smallest positive eigenvalue
of the stiffness matrix lBBT. Then k2 is interpreted as ‘‘the smallest characteristic stiffness”, something not quite clear. It be-
comes clearer with l = 1, since then k = kmin and the meaning of kmin in our Eq. (8) applies to k.
In sum, we prefer Eq. (3) as the most simple and clear explanation for what the minimum singular value of the equilib-
rium matrix of a statically determinate truss means and why it represents a useful layout quality measure. In this interpre-
tation, the layout of a truss works as an ampliﬁer, which given nodal loads as input, produces internal forces at output. The
obvious worst case, corresponding to kmin, is when output is largest relative to input. The higher kmin, the better the layout.
Importantly, layout is all we need. We do not need a complete truss design, with types of joints, cross section and material
properties.
The letter of T. Lewinski is important in that it provides a reasonable complete truss design – linear elastic trusses of uni-
form member buckling strength – with quality measure coinciding with the quality of the layouts. In this case one is assured
that judging trusses on layout alone will not turn out wrong when cross section and material properties are taken into ac-
count. In view of the established fact that structures are more sensitive to layout (topology and shape) optimization than to
cross section and material optimization we would hope that the minimum singular value, as layout only quality measure,
will not fail far beyond the family of designs constructed by T. Lewinski.
